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RA 1.A: Brief introduction to Logic and Sets
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RA 1.1: Structure of the set of real numbers
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N P 4 e Lejc nelg* -(uel fe %Mvz Then, Wwe ‘M\rc
o nYhe = nD%e = lan-4a] <¢e
We (mwe Hnus S"nom\ u/\op{:

- Vee Coun) + Tnoehs Ynel=[uad ¢ lau-lial<e

= lim oan=dle 0
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THeoRY QUEsTOLY

@ Thew %ok f?’ Cum),Cgvﬁ Ov<. le” ol (DL<)'
ol (Jim an = £ = ‘Qa:@

fim oun {q
%) (aun Comuev«bc\AQ 2 (an) Boumdel

c) ﬂ(vnah—Q%O ‘)Eflaocb V\ncb (Vl>Vla 70m£ te{mstgv\uo
: \) %[Qh\ CMVQUBU!{

=) ﬁthO(vt?O
Funoeh: Yued « Chone = Qnyo)

FXERCISES

@ Use ("«e .Qlwu'% AC'@?V\AEOV; ’[’D AADL;J %q,é

&) v .1 Obim twm ooy
nelv¥ 2,4 % helv®  (ni)*
o lwm _w g &) Livm (%L L)‘he
nel*  pi-y

velr¥

o |G e M, G

| hctN
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\ f'—" ‘,.iw-!s ond. opzrq{'?ows

| @ (&v\l A (zw) Cohw.waew‘(" = % fiw (Owl +0 u) = L‘m omv + Qim ﬂm

zth (anda) < ﬁvn 1R f.nm,@m
v SEHCQ (Ava\‘(@v\) COV\V‘W?QM{: , W?—;&Q%Vﬂt Q= g-iVV\ Qn ond
‘ ﬂ’ = liW’Q'\n .

.0\) H’ Q—ouou) ‘l‘hoc{'-
% fim (am-a) =0 —

f_im (Gu- Q)\ =0
=3 L Llomt B - CQ*@] = ﬁum[ (on-0) + (Bu —0.:\]: 0
| = -QiW\ (Qu{ Qw&) = Q‘!‘Qﬁ = liman t X.iw,@n,

),ﬂ\ Since

Ynel®: ombu ~of = Quby - abn +/an -of =
= CQm-Q\Qm “"70\ (Q)m-—@_—;) (()

4.&%&.

Mim (0a-8) <0 = lim [6a@u-B] =0 @)
Q,v:o‘y ’

: %Q:M(Q\,\‘Q):O ﬁsllim CO\h"Q)"—O =

Q}h Q)OHM&QA'
= fim[Cow-20ul=0 @
it Qauows Qvom Eﬂ.(tl Ga.(a] EZ.LY,) Hat

Qn/) C¢o hveY%xv\k

w) = o8 = limay, Limds
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17“02 e

Define o= biman. e nobe ook

eL V\(-D ﬂe %wen qu ayuwe k:a{’/ _N7ne . NL—% 'E Since

i Q%O e hawe:

laal >lalfar0 = Lllaml <2l

O ol U&R'goua,
1t 1w-,

un - o & Q m m -

DL "\Nrt h\u) Stowm ‘l’{'m:{:

Sl L

Dimanto = 3n.,c1> VineD: (nvme .;.'f;l;l/z <laul<3lol/2)

‘i&:Aé{mgwilg:g;fwi:;;l;;i;
lowllal — lal2

L)Q Q»Q)o ‘,\N,e. . , e
Lvl‘ Ou=0 =) ﬁ’m (0\|4-Q.\ .0 = QIW\ \QV\ Q.s =0

r\rum Et\ (\\ Qu& Eq. (7-)

°"‘ % dwmen
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TLQ £0Mouﬁuoa Lemﬂ h an iu\welta,\{ Cohsu\ueud
09 l‘ne ﬁime‘l o?ami'ioln Y‘ro Pu‘—ies

.‘Er_oj[_'- Le,&' (0w ,(Bv) e v\e") ow (D,4)' Theu:

SL(ﬂn\ 1 (Bu) Conwverge’ = dim &N dn.. dn
?smaeD '~VV\€D : Ch>h0=‘-?) Q\a\é@m) o
Prood

C‘noase hoel Sac\r\ hna{:
VV\C'D : (Vl>lno =) Qn é@ﬁ

1 Them, Wwe blave.i
. { (Qw\lwm‘) Cov\Vch}em‘[: =) i(&.n-—gsm\) Cowev%v&

Yned: (Mrne = augln) Yned: (urno =) Om- bu <0
= -Q.lm(uv\—Q\vl) é@ =) szaw—hmﬁm §o
2 fiw aug lmba | Q.
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s e Gmit pup{mu Lo cvaluale e _,,,Qoﬂzowgw”f;_]

1& Wu\' S

o.\ On = 4 Bn-l e ﬁm« an
CDntAbmde e

: om= V,‘L J(am 1 : el ;7m ey

3P4t wt(36K F9n?)

oW —w® Vet S

R AT o
LW\ On = ﬂlm i-‘jﬂﬂ 'V"?‘
CmeW mell® 516, H 9%
- it30-0  _ |

t60k2.0 ,fjf[f .

0 ol,,;- gt gt Vmeh\!“‘

aﬂ' Q_V\“ 4’ ’)%)

o alyfemet YN s
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TheokN QUESTIoVS

(9 Lt (a0 G nehi on (0,4). Show Ik
a) (an) (G COV\VQV}UA‘L < L Cont &0 = Limow 4 ﬂimgva
B) (o) (L) cwuvev%eu{: 2 fim (onbw) = i an Lind.,
Q) ?L@w\ co\nvev%eu& = bm il L

limanto | an Jiman

EXCRCISES

@ Use M\c -in\:l: ?voPevL;u -[-o eanxmLt MA{ liw\:(: L'w«am

gor —Hn.e Qoﬂaﬁwi\»} Se_ctu_@qc@; : hel®
o) am(u# %5 N ) ans WPt
, h2 n’ D2 ow =5
d ano NPHnb3 ) ane L+
In? fnt -t My 1
) @n= 2HPN4OMH D) e 2.5

7 4 Qv gutl 6+ Uyt
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 VSqueere Mo ond vovesk fuds

[ Tan s Coquaene Hooewd) -
LeL (Gn\ (ﬁn\ ((n) -@e ucl') on (_D, <) Tlne_m, e l/\Q\rQ
5111%(:!2 V\neD (hrho = o€ bn< o) = Jin <L

;,.‘;Le.l: neD Q»e ﬁl\rew w«L _ossume. H,.Jc N¥ho . Tlnen e Lmvt,:;,m
au < Qm £n = 0L ﬂm o £ Cn-Qu =) . R
9 [u-aul € Cu-au < \Cy\-Q-al B
Ue \navt Jchu.; s‘/-owv\ d o
e (nvne = | bu-anl < \ Cin- cml B ()
e ofvo hawe:
Lm (n-a4) = lwn Cn— ﬂlm On = ,Q ’L o C’i-)
“From H (1) and Cc{ (9, b ?—oﬂowsuﬂajc

-a‘m (@w-’avﬂ O =

= Jimby = ln | (bnma o] = ftm (Bn-0) + hmb
=048 =0 B
%——* Kts‘i@s on_ - rooL lnm 1[5
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Since. (el ey D2 (Vuel¥ : Ve v 1) | e debine
9 sequence C(M\ lu'lh« ‘\)l\r\e(}\f)F d Pva?O Suda Moot
~ Uneld : Vi = (Lt pu?
Led welN¥ e given. Thew, we hove:
Y = (Up® = n=(rpn™* =

= To = (11p)" 2 L1 npu >upun = Tn Fupy

= W“\:?V\< ™ = 1 :l_{_—_l*)

h M 'K

o gl i/l
We hove thw shown that
| ‘ELVY\E[N\": \Vh(<\i/f‘m = innfhzo =

Liw () =0 nely
vielNt
20w (W -1 = by LCepd™- AT < (g, 1p2- D
helv* nei¥ | neit
<lm (20 9D =90myp + Qim p)t
=9.-0+0 =0 = fim "V <1 Q
| | nelv¥
@ Vo.e (.O&oo) '.Ilm n\/.;- =4
helNX
?Yoog

Le-\: &Q-(O,%-oo) Qe %1\&14. lde Ais{'ih?uﬂq QCLWW 'kodl
_Poﬂowiu} Cayey .

.C_O‘)f-_ij ASSWM_ ‘[’{Ao.(; &é L T‘r\m, we. lno.ve-.



98

Qi "f = QLm = Lm { L

i helyr  Men®

Coue_ 7\ L AS$uWIQ "'Aa.{: orl _u'leu‘ e ‘/lmre_

Vnel* : Vo 71

ond. Wwe Cawn h"Qrt?-OrQ (Legu;ne H nSeo\ucmc. (Fu) -

such Mokt

Vel (VT = Lipn Apave)

e( +nE > Q.e M.%wen —U«m, e ‘/nve
w_,,“‘/m =ltpn = a= (Upn" 2 dinp, > MV
o= lp 1= Py <0/ = laml = [w\( laml
gw(ﬂe hae -Hnu) hown “«ajc

ﬁ%ynew et ,;, T N ,,:O -

Lim (alw\ 0.  welv¥
nelN*

2 i Ve =hw u?m Ll p=dt0=1

v\elN“ . ‘V\EIN“ vxelM

sz7: A?svm “no)c O<0c<& TLQV., e X’\&ve

 0<o<l = 1lar) = lim V

Vil =1 Lvia  care ij
hemk

ne vy
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@ /chs ah-e\,eco foo) = Yim "Q-vm 3

heN¥ nelN¥
Proot
Since -
_Lm Oy = a.?@*‘?lhocwy V\AGW* [Vlo] Oy, O :quuwb\nei
Pl o Fneeld 2 Yuel¥-[ne]: auro q
ound

Lim oy = a0 = Ju, el : Vhs[N" (Wol 1ol clawl< Blol 7)1‘” @)
hen¥ KN
_Vtu. Gel G ) c\/»oo)( Vl(éh\f“' Sucy 1(5405{3
Yueliv-(n]: auvo
Via Qc‘.(i\ choose Mg el Suda Hhak
o VYwele- (el lad/a < laul< 2laf/a
- Ddgiwe Vth«xxzzvmmﬁ \.e/{: \ACHJ‘{C fo} Qe 8&%&4.
, T(mzv\ we. \/\alre,
| im\m. <ant<3lal/e 5 lal/g <an < 3lal/g =

aAn7o -ﬁh\/(‘kl/i < V{/d_\; < %lal/4,
We ‘an_ M,w (‘Aowm bbxocl:
QL al/a cm
Lm \/W = lww m 2
ne \¢ nely¥

amef—{ ¢!

\/\eDJ’k
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THEORY QUESTIOVS

@ Lot (a0 (G, (0) e wh o (0,0 Swow nad
%3MDGD‘VWGD:CM>MO=%Qn5@néch)=b Liva B = ¢
ﬁim Qn : g.iWva\ = «Q

O Shaw QAO& ) .
a) lim V= ) VYaclorody s diw Vo =
- hel nelv¥
‘ c) liW\ Avz=O0> 0 = xtm n\/ On = {
neN¥ Vléu\lx

EXERCISES

O Use .:%lvu ()vopev(ﬂes 1—0 QVQIMO&— —l’fne ﬁllmn[? o‘g
the following sequences

) aw=Vntl b) an="Vn? -5

O an=VEEGY d) aqy, “\/Tf)-l'(/‘ﬂ

Q) ay= N/ il 4o M ETHE

~ 7)\/\-(-")\ SVI 4—‘1”
@ Use l/\e Squeze h«&«mm and. QnmL Fvayev[ﬂe, L,
QvaﬁMo\L& JA& ,LW«(L GK 1& £o)@owwz§ sequences

Q) Qp= ik ¥ W by 0

| O AR A ntn

B o= N + n L. .4 N
| it nkig n%in
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101

YT LIPS

S L | B 20
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¥ Comvug\eujr VRursive Sequen(es

Tl«wz: \_QL (Qm\ fe @ \f\e‘l on (D;(),Rcm,we_l/\a,\.e:

(an) iquslw} = i (aunl couvevaeu{;
JvoeD : Qi!m_a,, = 5up {a,,, l\nEDAVI?ho,S

(anl upper Botuded

¥ le
Sivw(, . -
(am upper @oumiei = dv, el : 3 et VV)GD‘ (urvo = au, <
choore npeD oud Bl swh that
 Vaed s (hvno : 0w €O
T foﬂmws hat fhe sek A={amlweDAw7uo75 (s uppe
‘@obmi.eck, So Qag -}‘LL oxiom w'ﬁ @M[’Qekhev we am -
: &e?—h’.e X=S(APA. [n)e wi Wow S\Aow anla gl'WlQ'vt =X.
Lejc £€(Ol4w\ Qe (bivew. From -\‘wz aPProximaLiom ‘h{\QOb\em
| C\noose VHGD Suda ‘“na‘L W7o aml, X-¢ < Ouq <X,
: LQ‘; __ViD_g’e %'ww\ ad  ayume %a}c m[l foﬂlous
dhed
h>h(==wix-£<ow»( <¥ o
awi € an suph=x
> X-¢ < 0n a, L{x<xie
= Y¥-¢ <an <xig =
D -t <an-¥<€ = lan-xl<¢g
‘ Ue ‘r\&ve umu S‘\nowvz M,‘a,l:
Vec(o,4) - Ined: Fned: (ivne = ldn —x1<€)
= sz\ fn=x = (aw Cov\vevtzm]c ‘ N
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0 \\M‘—QIO\VQO}, we Caw Show e

e L Gase o ud on (00 T, e have:

| .%ga".‘\éte(:\:?-q).'ﬂf‘b.w;v %Cﬁn\ cnwzvaewl
(an) fover bowwded  {TuoeD: Limow =i 30w lnedAvshod |

N S‘)‘ultmw‘\‘) I

ke fak uben (o) 1 o sequene, ve defve:

 don= mliauivieNy

ok e e Hovoms stpldy b Be folloving

- % ool sy comegut |
| (ﬂnlu]yper@oum&a\ﬁIM&h=SUf>Qu

helv*
516%\ énc»eaﬂwg ) ECQIM]MCOV'WJﬂQM{

(OM\ ﬂove\rﬂow&i .le _Gn = lln¥0(n B

ome |
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EY AMPLE

;Evaﬂud\'{ Mee LV\M‘L o‘g \CLZ Jeqwine (am) J.Q‘Eimzl

! Rcuvsiv% -Q)%
| O=9
§{\v’me\w‘: gl = Llan-19)
An-9%
| QMOVI
We nde Bt
VV\GN*' OniL ~Awn = 9 (ow-19) _ a,\ L i(o‘w 12) ~ o (Qn-8)
On-8 An -8
— _ %on-94-af +Ban _ ~ad floan—-24 .
On-8 - an-9
- = (ay - 10qn +24) _ ~(an-6)(an-4
tn-9 on-8

» We Meel +o Colm vt (Ou«) un“n "‘, 6,8,
> We Cg.o\im Hrak YnelN¥: au<6b.
CFor n=4, a=9<6 . For n=k, anume hot Qi <6

; FOV n=lkit | we Lu\UL f\/«ow I&\aj(, L‘luu‘(G. We Ll’O\\re:
Q(q.[-—(g: ?‘(.QV-- ‘?‘) -G - QCQK‘(z)“G(th’gj

e~ 8 Q-8
. 0w -2 —beuw +48 _ ~Yo 494 _
A -9 0y —8 '7
- ~U4lar-6)
 ou-8

and pﬁ?)&'&ve :
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bk <6 = Sle. 6€<0 = Oy, -b<o = Q<6
dw-%<o

e e o dhown e daim fff_'*ffffff[ffA[f‘ff’ffff'j,"‘f.]ff»ﬂ_ffjffffffﬂ'.ff][ff .

_» We cloum 'HAO—IC VYuclY : auvy.
FO\r M= & e \r\NrQ Q= 9\7(1 For =K . O\)Su.mc Hna:L

wa For we b, we wll show Heab en 4 e hoes
- = Une-12) _y . la-w-ulo-®) o

Qy-% " 2

%ok t4-Uaw 39 . 40k ® o -ilow-©
- Me-% %%

el e

I R T % Qu-4>0 o oy -Y Yo aua>.
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e e Hs dhoun e daim,
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newr

Cys LW) ‘V f,; o, =l Alan1n Hxl%)@ _: “i N
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& X(x-8) = 2(x-12) & x -8y =%x -l
& XT-8x-9% +24=0 & Xxt-lox +24=0
& (k-6 x-W=0 &) X-6=0 \/YVQ;O
& X=6 Vx=Y & xeiy,63
 Since |
| §lu‘=9 5 e an <) =
. (Olvt\ AQMu)ihz . -
o x=lm an €5 V$6.
v ¢|JF

e Cuanu.:\.e -“,\o;\', .x.lW\ 0w =¥ = Lt K,
| nelN¥
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- Theo Ry Questowns

@) ek ) b oo nd on (0,Q) Show b
SL (Qvﬂ n CHQS\M% % (Qlﬂ COhVQV%ﬂ/{L

(o e bownded  Ulimdta- wpm edAnengd Fnech

@ L 0 e oo o (0,0 Uik e pmf I

T e drahamed

%‘(Om\ &eaeo&m% S[ (Qm\w ‘vz&;&w%em#
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@) Show Mok e i?oﬂ!zowm% Sequunes e comverpesd _j.jff,"ff'f"'f.fj
. Oma QVQ,QaLa‘\’Q M»o,lv Lmst:
o) % a=y @)%ol—%

Viel®: @aer {1 f0m

a=tly
o = (U 9~‘) a\/\ (_l/ 8)

Q. %0\\- f)jl Q=0
|
3

L Ompe = (l("b OMUL L anis (30{,,H)/‘4

ZS?

L Qe = (adiw/s % le = \/ “20«\ - &

L Qntl = (119.) CQm’f QJQ\A

j\no eD: »QJW\O(‘V\ 1"\¥ ng\ ( ne DA NN, ?

omiiz (Fow-~DS
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N

] N este A_ '\\q'lewnk

Nf':-"‘e& iWL@vVOsQ) O’Y Yo.L.IoMul vxumfom (om ‘QQ_ u>eo\
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ﬂim (Otvn@u)‘-‘ o
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(an) imrea)'\wb Sl (aw ,(Qu\ (o\n\fer%(’-a{

= 4 (au upper ngw&i =) Xim Ay xSu\vi;

melNk

(Qw) Aec&cmiu} Liwg Ry =in 'V}
| (0w ower Gounded elN*
(hoose X< lim au-= S0P Qn and. wde tal
nelN®
o : ‘\V\Q Qv\ = QJM Q‘y\ = Q(VY] {_ Qn - (,O‘v\-—a:]/ﬂl =

h ¢ INK neN®
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I{ Qoﬂows JA« o&

S( X= Supan % VV! E\N* Om é X EOR VWG [N *Qun SX é .QVI R
1 X = iwt Qu Vnel : Quryx

= YneW :xeflon, 8 «J
UQ, ‘nm& h/ws Shown l’\»q{ IxelR: VV\Q xe[c«u ém) 0

- puu s show Yoek Hun elamed 1 mv. o
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x‘,\ci c 0 [o\n,@»gl
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: _Er_og_g_ -

To S\now‘ o Cowlro\ehc}ww o Qume J‘L}c X\%X?, aml wtuv,
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newvy
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, C\noom o elNF Suc\« ek e
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%"‘7 Le‘t Scc[u) Ce h‘z sel' 6‘? ol wao.yrima; &!N)f"‘A,
‘ T Seq@) b fhe seb of ol vabiowal sequences.
Ve will vow show ot E\:avxé resd vuwler Can Qe
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nelN*
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:LeL xelh Qe %MV:. |
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¢ ASSume_ kﬂo& [ﬂ&.Q)LJ l/\on f)e.QV\ VComS{'wcj&L ,To Cowa(m.i
K-QKH‘Q)KH_S e c&egihe: |
oLk = 3 (Y (ot b | 19 ¥y (V2)Cax Q)

o Vil xg Q) Cart o)
buvi = % by ; EQ x ¥ () (awibw)
() (awth b xg 2 (owt S

P) CO\nsS[vlul'fOV], we &/\0\\1*6 ,
VhélN*': }( thm .szu] S.’-{ow,,ﬂﬂ =)
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o Vel %LM.M e [an,8n) = (Lanbnd) neshd

X»\W\ (QM*Q’VA =0
nelN*
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AT (xe[oV.,f&vJ = xe[am,@uuﬂ

= Nt xelankid
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ThGoRY QUESTIONS

@ LQk ‘(Y_uh,()m‘ﬂ e « fequence 0'¥ l"h\'%t\ﬂ?.
| Sia{& “m. Vtecw&\r\g ond ?u@fcmvrt cova}iov‘) -Por
; hne, S{O\LQHQML : l'({umﬂmn V\esLuL“,

~ Prove %{ Qouowiu} "X'L-Qol,gm\’ !
o) (Iﬁlma?h’n uQ‘)L?-‘!L - :jxc.-fR-, Vng[\J)“ : XGLQulzw:}
6) %([omauﬂ nesled = X=X
Xi,Xq € (\ luu(%m]
ne ¥
i Q) Yxek: da,b GS&\((&) : 3 (Lan Bal) nesked
: . %X", = n [Qm@w]

he ¥
EXERCISES

@ Lel: C{Qu‘l@“}) Qv\t& ({Cv\‘&hl) @e V\C}[&L Ih‘*@VQ,Q
986[(&0/1(25 uch me&

’ iX} = n [&w,Q‘M‘,\ QMA- %31) = n LCM,A‘V\—I
nelN® nelN*

, S'/\ow ‘“’\OuL'
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