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VMo on subbicient condibions o Guabion eends

» cﬂoussnsémb ﬂ»tguv&‘:towe\rew’s T[nl. ffawp s Qavre v,‘e@zgxd S

Con te 1W|YQ4<‘-A’ fundion Heorem.

Fink we define e Ball B((xoe),) ase
B0 = § () R (x> tyy )0 <62}
The mplicl funcion fhrcorem shabes: '

Thw : Assume ot the funchion £:A—=B wil,

| AcBRE cabisPies

o f (Xoi40) =0 R
)Y (Xdé),e,ﬁ((Xg‘%o);,&') 2,2_‘5,()(1%) 40

C) gx‘&é CaujrinuOsLs Ot.{: B,((Xm.%o).il),, L

Thewn | {Lere 5 o uhique Qunc{ton 3 Shd\"uﬂa—{
xy) € Blkoyo) £ : P x B (xN = ©

Nole Yol ondihon (8) comn le weakened Jo |
?% (xo.}ao){o. Thewn , comlined- with @ Follows
lhat e s an & Por whidi Both (8) owd (O
arc $°‘l—'s¥ie¢1-



?——) SQAAQQ —node B Pwmfioh COhJI—LiOhS_

Let w assume Hual
Y (ocfro) = © (1)
Py (xo\vo) =0 (2)
W (xopodfo (3
Pxx (xolvo)io (9) ‘Ahmﬁé_;is |
The 4-”110,@ Qidurcation e[ca%vwn Por o saddfe—uiode
Q;gurcal o 15 shown below: ;
X 4{ Ut See h\ql we ,Aour(
b show Had Hoere 1y
a Wtgue '?uuch'ov: r(x)
KXo\ L sudi aal
| ?(x,vcx»:O,Vxe(xo—s‘xm)
y § wlihq L | |
(XY= 2§ (Xo) =
Y » f«(x) -0 |

\—'” (Xe) ait% “(Xo) 7(0 |
X

T‘qe Comiﬁll‘olq PICXo) =0 ehsuyes M‘a{f He churccd't‘on
curve (% jrahzen‘é -‘-o t::-t.{o- TL\‘C colntlil'ion P“[Ko) 7!0_
ehsures Jﬂvu{: Xo (5 & miNivaum or WmeXiwim 6o Hoe
'}c‘ne Qu‘Cuvmhow carve y(‘ﬂ Femaiks oy ”qe, Same |
hatl -plowe  defined Gq  p=po. |
o Comslrudhion : Since ?(Ko;%o)':'»o oand 91‘ (Xoctlo)zl(),
it o lows ot e imPL‘cffl‘ ?’Lw\o{'l‘om




. {\aeonmo.ﬂaﬂju o.ml %m?gre{ken b oa wm‘ulue R

 Thay tt(x)ss Lere\ﬂ;«é construcked. I
e Preod - Ue will vow s\'l’ww:yaa,lzm,‘..«.}4'._‘.,.(2(9),,,?:0A.,.QJ&QL,.".‘,
e $o0.

' Dierbiobig 0wl ook do % gu
K

& (x,q; ()R x,p(x))y‘lx); o (&
For X = Xe:

, gx ( Xblv(.)(o))ipx(. qulo) =0 Ouu(. e

er CXO¢}A(XO)) = QF(Xo,t{o) %b I
thos :

poa-dxlow) o @
‘ gr (X°¢ra) B R L
| D;lfimuhahu} (s) one mope Lime ,,wfh* ,refpccli "o , X o
3:\&5 S ’
= Py (20 J'?H""QI‘I* rey_',';_-o .

evolualed ot O p2?. For X=xo, r'(xQ,‘"- 0,
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BXX (XOLFD) + ?r (Xél,ﬂ'o) * Y”[)(o)t“ o)
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Qt, meyo)
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g

g‘l‘\(z«k«?om]ﬁ -hna.{ emerae, one owve oB
“lQ_, ‘lwo ‘f\euﬁg——flawts oteginc& z F:Po on “«e,

;gl'xu(c'k"'\'oh d,‘%r&m L\&Y‘(‘. Q'To;i Svlu.giﬂ.t\%,
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Py (x.ylx)) = «?,, Cx.yuo) p’m , ¥xeCxo-g,xo48)
Sith, Qt\(xwi‘&)#‘)' Wwe can C(flOoge_ ¢'eo QGMJ(.
Chow L) SO ‘Hno.‘l;
J
Vxe (xo—g xo42) : ¥y CxupexD #o |
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Since Y“CKJ 40  aund "lcx°) =0, we tx‘;ed Rt
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o Analysis ¢ De see hat Hrere are bwo Gifureadion
- Cuye s Passiué “qrou,aln ,Cx,c ¢}lo):
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fx (xo “\")': fx (Xo o) +Ir ¥x“ (Xe W) dm =
P , t‘o ,
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} A&aou'n, L’,L Ws d.t?it/le

F(xlv):% Poe,po/ (xexd 1 I x %o
gx()(olto ; (‘C X = Xo
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o Fplee)  Sxplxege)
 Because S-‘xxx ;.(meo);aLOL o
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o) Folr ‘h/\& ly'n( X=Xep:
P ;
¥x (xo,}n: ‘;x (x”("")J‘J S:xr (xmm)o(m <

\ o
= f ¥¥l¢ (Xo,”‘l) Jm
fo

~ Since ‘:xy;(xc,vo)%o -

; ﬁ?xr(xo,m) does not dnomzc_ 9‘3{1 aCCros? mztlp
= O (x,y) c(nam%es 5i4n accross P: Mo

= The fixed pont on the Line x=¥o chauacsv

Sl—aQn‘QHfg. |
Q) For Jhe Line =gl

fx (% N p(x)):- - [ (x~xo) F(X(W\Q{X S
P2% = |

= F(x.r(xﬂ 4',,("—"") Fx (x(e (x))
< (%-xo) Fx (g ptc= o
= (x-xo)[-F (xtvcx)) y‘(\dl

Heve we wused the rde il-.é

Fx (‘“1‘ (x) +Fr| (X‘HCK)) Y’OO =0
We viole thal occross x=xo:
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=7 th (X, pW2) does not cho.vzso.’ St'iw.
Thus fx(xbr,un) does wat chauge ~sign . I olows lbal
UnC two Oukr ?l‘xeL fotutls have -“40- Same sl-o‘gifa‘té.
) We wow cowpare the 9‘0«3{9143 of Jhe owler fix
[7°|'n‘s will, e jnner fixed point. Pecall Hhat Fx for
Unese leel poin'ss 5: " :
inher Pofni: SI\x (xo,p)zj Yxt..(Xo,lem
2 |
ouler [’oin‘s 2 ;\x (x,r(xﬂ =~ r' CX)(‘(&Xb)F{([xttA(}O)
We ossume , with uo loss of 3ewemf,a43, %q{f ’4" (xe) >0.
This impﬂ:es -ﬂaa{ y(x) has a4 mikinum a{ X=Xo,
So k«c 3 “"Xetl— ?oﬂa’S occur (ufqau H\?FU We mag {’Lus
as5ume %q{ L«>ﬁo.1£ o so poﬂmus ”ﬂa‘a{' wl«lh X 05
hear Yo, p'(x) is (ncveasing , and Maereporc:k
X ~Xo <0 =2 r‘()c)<0
X -¥Xo >0 <=2 V’Cx) Yo
Thes : P'(x)ix—xo)>o when X 05 hNear Xo.
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EXERCISES

Ie\ewh‘g—-}s Yae Q;f?uv'cq}{ome an.{ qu fo,@owin%
s%glew»s underoo | find Hae Po«rame,l-ey valu es
= o where (Ene. biSurcations occur , and
cQouzsif'\a Yoo as  saddle-node, ’crahscri):x'wQ, or
?:&h?ork.
Q) k= psinx-sinlx d) x =_sinx

@) X < tM-CoSX{ cos Ix }‘t—cesx «
A X= pisiaxtcosdx ) x=__ diX
t‘+ S5k

Consider a ﬂas\zm with o saddde-node bilurcation
saks%tm} the veleyaul sulficient condihions ab (o o) .
Show Hiat |

o) [f gx;c Cxocyo)i)\: ch;t‘o) <0, then we hare
9 Sixed cpoints for pdpo.

) 10 Bax (xorpo) Py (o o) 20, then we hae

9 ?“\cetl..‘)oiw'{s Lor F(Fo. - |
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Q) 12 ?xx (xmv.ﬂ}f’, Hnen —}{oe o“‘faav, ?1‘,\({4 Foiné
{vo\hsiliovd -Yyow! unstoble “'\9 stolle with
increosivia, X .

; b\) ]f gxx (Ko;“o) <0, u\ew HAQ Qu«er -?t‘xwL Poivxl:

Jc\ramsfkanS {-\rom 5{11@&'_ {’0 Lﬂa&*‘aﬂ?ﬂe UH’L\

thoreas in.sé X.

@ Concider a suglem willh a P«%dn?—ork Bifurcedion ot
C“Oxt'o) ‘Hna,'i salts ies J:Lz. Irez@tvo«,u‘ Sup?iau‘{
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